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We report on a recently developed laser-based diagnostic which allows direct measurements of ray-deflection angles
in one axis, whilst retaining imaging capabilities in the other axis. This allows us to measure the spectrum of angular
deflections from a laser beam which passes though a turbulent high-energy-density plasma. This spectrum contains
information about the density fluctuations within the plasma, which deflect the probing laser over a range of angles.
The principle of this diagnostic is described, along with our specific experimental realisation. We create synthetic
diagnostics using ray-tracing to compare this new diagnostic with standard shadowgraphy and schlieren imaging ap-
proaches, which demonstrates the enhanced sensitivity of this new diagnostic over standard techniques. We present
experimental data from turbulence behind a reverse shock in a plasma and demonstrate that this technique can measure
angular deflections between 0.05 and 34 mrad, corresponding to a dynamic range of over 500.
I. INTRODUCTION
Turbulence drives inhomogeneities in fluids, creating a cas-
cade of fluctuations from the driving scale down to the scale
at which viscous dissipation dominates. These fluctuations
create density gradients over a wide range of scales, which
broaden a probing laser beam. This broadening has attracted
widespread interest in aero-optics1,2 and plasma physics.3–6
Two techniques for measuring these density fluctuations are
often used in high-energy-density (HED) plasmas: shadowg-
raphy and schlieren imaging. In shadowgraphy, density fluc-
tuations produce intensity variations (light and dark regions)
in the laser beam which are proportional to the second deriva-
tive of the electron density. However, as the rays are spatially
redistributed, there is no one-to-one relation between the im-
age on the detector and the object, and so it is not possible to
measure spatial scales directly from a shadowgram.7
In schlieren imaging, a stop is placed at a focal plane to
cut off rays with specific deflection angles. With a finite sized
source, the schlieren image contains information on the gra-
dients sampled by the probe beam, but with a laser source the
measurement is often only sensitive to a very narrow range
of gradients. Therefore laser schlieren images are almost bi-
nary, showing the location of density gradients but not their
magnitude.7 With both shadowgraphy and schlieren, the anal-
ysis of turbulence is often similar: the image is Fourier trans-
formed, the spectrum of intensity variations is linked to the
spectrum of density fluctuations, and a power-law fit is made
and compared with theoretical predictions.5,6
These imaging techniques have two significant drawbacks.
First, large density gradients result in ray crossings, leading to
caustics7,8 which prevent a unique reconstruction of the den-
sity fluctuations. Second, the smallest resolvable length scale
is at least a few times the detector pixel size, which means that
in a realistic setup the difference between the driving length
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scale and the smallest resolvable length scale is often only a
single order of magnitude. It is difficult to fit a power-law
spectra over such a limited range,9 and it is difficult to probe
the full inertial range down to the dissipation scale.
The spectrum of deflection angles within a probing laser
beam is directly related to the spectrum of density fluctua-
tions within the turbulent plasma. This deflection angle spec-
trum can be simply measured by placing a detector at the fo-
cal plane of a lens, which contains a Fourier transform of the
probing beam, which is the two-dimensional spectrum of de-
flection angles.10 However, this spectrum lacks information
about spatial variations in the properties of the turbulence.
FIG. 1. A shadowgraphy image of a turbulent plasma column formed
at the centre of an imploding, eight-wire, carbon z-pinch.11
In this paper we present a new hybrid diagnostic, an imag-
ing refractometer, which has spatial resolution along one axis
and angular resolution along the perpendicular axis. This is a
powerful technique when the properties of turbulence within
an HED plasma are homogeneous in one direction, eg. an ex-
periment with cylindrical or planar geometry. In this case, in-
tegrating over this spatial dimension can provide angular res-
olution with an increased signal-to-noise ratio. For example,
in Fig. 1 the turbulence in a plasma column formed inside a
wire array z-pinch appears homogeneous in z, but varies in x.
This new diagnostic uses physical optics to image a one-
dimensional Fourier transform of a probing beam. This diag-
nostic’s dynamic range is over 500, far in excess of techniques
using digital Fourier transforms, and is not limited by the for-
mation of caustics. We give an example from an experiment
in which density fluctuations form behind a reverse shock.
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2FIG. 2. A ray diagram of the imaging refractometer, from two orthogonal directions. An initially collimated laser propagates through a plasma
of length D from the left. The first lens (cyan) forms a Fourier plane and an Image plane, which are imaged by a composite optic consisting of
a spherical lens (cyan) and a cylindrical lens (pale purple). This results in a composite image, with b) one axis of spatial resolution, and a) one
axis of angular resolution. The diagram shows three example rays: green; a collimated ray, and red and orange; deflected, collimated rays.
II. OPTICAL CONFIGURATION
We will illustrate the operation of this diagnostic for the
specific focal length relations shown in Fig. 2, with a nearly
collimated laser beam travelling from left to right, which
passes through a turbulent plasma of length D. After the first
lens (spherical, f1 = L/2, cyan) there are two planes of inter-
est, the image plane and the Fourier plane. At the Image plane,
there is an image of the probing laser beam at the exit of the
plasma, containing the spatial distribution of the rays. At the
Fourier plane, there is the Fourier transform of the probing
laser beam, containing the angular distribution of the rays.
The second optic consists of a spherical (cyan) lens and a
cylindrical (pale purple) lens placed next to each other, which
focuses light differently along two orthogonal axes. In the
Imaging axis (Fig. 2a), the combination of the cylindrical and
spherical lenses focus the rays with f3 = L/3, reproducing
the Image plane at the detector. In the Fourier axis (Fig. 2b)
the spherical lens focuses the rays with f2 = L/2, forming an
image of the Fourier plane at the detector. Hence the x-axis (y-
axis) of the image at the detector shows the spatial (angular)
distribution of rays at the object plane.
In Fig. 2, the green line represents a collimated beam prop-
agating parallel to the optical axis. This ray crosses the opti-
cal axis at the Fourier Plane, and crosses the Image plane at
the same distance from the optical axis as it originated. Af-
ter the second lens, this ray arrives at the optical axis in the
Fourier direction (φ = 0), and in the Imaging axis it arrives at
the detector at twice its initial distance from the optical axis,
a magnification of M = 2.
The orange and red rays represent a collimated laser beam
deflected by an angle with respect to the optical axis. They
cross the first Fourier plane off-axis, and reach the Image
plane with M = 1. The second lens images both rays to the
same off-axis location in the Fourier axis, indicating that the
ray exited the plasma with φ 6= 0. The rays are imaged with
M = 2 onto the Imaging axis.
In the paraxial approximation this optical system can be
treated using standard Ray-Transfer Matrix techniques.12 We
treat all of the lenses as thin, and calculate the position of a
ray X f at the detector as:
X0 =
xθy
φ
→ X f =
 2xθ/2+4x/L−Lφ/2
2y/L
 (1)
where X0 is the ray at the exit of the plasma, and for x, y, θ
and φ see Fig. 2. The x-direction is imaging with a magnifi-
cation of 2, and has no dependence on the initial angle. The
y-direction only depends on the angle of the initial ray (φ )
from the z axis in the y-z plane. The y location of the ray on
the CCD is Lφ/2, which defines the angular sensitivity of the
detector. The resolution of the detector is set by any imper-
fections in the optics, the initial divergence of the beam, the
pixel size of the detector, and limitations due to diffraction.
III. IMPLEMENTATION FOR HED EXPERIMENTS
In an inhomogeneous medium, rays are deflected by refrac-
tive index gradients normal to the direction of propagation:
α =
∫
∇Ndl =
∫ 1
2
∇ne
ncr
dl, (2)
where α is in radians and the gradient is taken perpendic-
ular to the path dl.13 In a plasma the refractive index (N)
is related to the electron density ne and the critical density
ncr = ω2ε0me/e2 = 1.21×1021λ 20 , where λ0 is the freespace
wavelength in µm, and ncr is in units of cm−3. It is these
deflections which are measured by the imaging refractometer.
3In order to measure the deflection angle with a high dy-
namic range, we require a laser which a) has a small angular
divergence, b) has a smooth beam profile, c) is highly repro-
ducible, d) has a short coherence length, and e) is sufficiently
intense to overcome the self-emission of the plasma.
The smoothness of the laser beam ensures that any varia-
tions in intensity are due to deflected light, rather than varia-
tions in the initial source profile. The high collimation ensures
that the incoming laser beam can be well described by a single
Fourier component, and hence focuses to a very narrow line,
which contributes to the resolution of this diagnostic. The
high reproducibility is necessary to compare the results ob-
tained in the absence of the plasma and with the plasma, to
determine how the intensity of the laser beam is redistributed.
The short coherence length is necessary to minimise interfer-
ence effects which degrade laser-based schlieren and shad-
owgraphy techniques.7 These can cause variations in the mea-
sured intensity which could be mistaken for fluctuations in the
measured deflection angle. The intensity of the laser must be
much larger than the measurable self-emission of the plasma,
which degrades the signal-to-noise ratio.
For our experiments we use the long-pulse arm of the
Nd:Glass CERBERUS laser (1053 nm, 100 mJ, 1 ns).14 This
laser passes through several vacuum spatial filters, resulting
in a divergence < 0.05 mrad, and the reproducibility of the
intensity profile is better than 1%. The laser has a low coher-
ence length (< 1 mm), which minimises interference effects.
Using an infra-red beam also enhances the sensitivity of the
system over visible light, as α ∼ 1/ncr ∼ λ 2.
We implemented this diagnostic with L= 400 mm (see Fig.
2), which is determined by the radius of our vacuum chamber
and the available optics. Therefore f1 = 200 mm for the two
spherical lenses (50 mm diameter Thorlabs Achromatic dou-
blet AC508-200-C-ML), and the cylindrical lens has f2 = 400
mm (60 mm × 30 mm Thorlabs plano-convex LJ1363L2-C).
The second optic consists of the cylindrical lens and spherical
lens placed back to back, with f3 = 400/3 mm. We place a
50:50 beam splitter (50 mm diameter Thorlabs UV-Fused sil-
ica BSW30) immediately after the first lens, which directs half
of the probe light into a camera positioned at the image plane,
resulting in a 2D shadowgraphy image of the plasma object.
The optics are coated to suppress reflections at the laser wave-
length, λ0 = 1053 nm, and the beam diameter is ≈ 22 mm.
For the shadowgraphy arm, we use a 15 MP DSLR (Canon
500D), with the IR filter removed and no lens mounted to the
body. All the optics are mounted to a breadboard outside the
vacuum chamber. The exposure time of the camera is 1.3 s,
so the effective exposure time of the image is instead set to 1
ns by the duration of the laser pulse.
For the imaging refractometer arm, we use an ATIK 383L+
camera, which has a cooled 8 MP (3448× 2574 pixels, 18×
13.5 mm), monochrome Kodak KAF-8300 CCD with 16-bit
depth. The high bit-depth and exceptionally low noise of this
CCD is vital to making measurements of the deflected rays
with a high dynamic range. We use a 1 s exposure, with the 1
ns laser pulse setting the temporal resolution.
To ensure that the properties of the turbulence are homoge-
neous in the vertical direction, we introduce an aperture at the
image plane after the first lens, which blocks rays from outside
our region of interest. This ensures that we only measured the
spectrum of angles for rays which propagate through similar
regions of plasma. We note that with a very narrow, slit-like
aperture, our diagnostic resembles that in ref. 15, p. 313.
IV. COMPARISON WITH SHADOWGRAPHY AND
SCHLIEREN
To compare this system with existing laser-imaging sys-
tems, we have created synthetic diagnostics representing the
imaging refractometer, shadowgraphy and schlieren imaging
systems. The imaging refractometer is as shown in Fig. 2, and
the shadowgraphy and schlieren systems use the optics shown
in Fig. 2a. For the schlieren system, a knife edge is placed
at the Fourier plane at L/2 after the first lens. The knife edge
is slightly displaced to form a dark-field system, so that only
rays deflected with φ > 0.1 mrad are imaged.
In a real system, each optic acts as a finite size aperture,
resulting in vignetting and related effects which are captured
in our ray transfer matrix solver by discarding rays which fall
outside of any aperture. In our solver, the lenses are assumed
to be perfect, without any aberrations. This is a good approx-
imation for the achromatic lenses (which correct for spherical
as well as chromatic aberrations), but in reality the cylindrical
lens will cause aberrations in the imaging axis. The cylindri-
cal lens changes the path of the rays for the imaging axis only,
and so these aberrations do not degrade the angular resolution.
As a test problem, we consider a sinusoidal perturbation
to a plasma, with an amplitude that grows in a transverse di-
rection. The plasma is uniform along the direction of laser
propagation (z). We generate a density field described by
ne(x,y) = ne010x/s[1+ cos(2piy/Ly)]. We use ne0 = 2× 1017
cm−3, s= 4 mm and Ly = 1 mm, and the plasma is modelled
as a cube with 101 grid points per axis, and a side length of 10
mm (x,y,z= [−5,5] mm).
We generate 9.6×108 test rays randomly located within a
beam of diameter 10 mm. The initial ray angles are drawn
from a normal distribution with width 0.05 mrad, correspond-
ing to the experimentally measured response function. This
accounts for the imperfect collimation of the input beam, and
any optical aberrations. These rays are traced through the den-
sity cube using a ray tracer, which interpolates the refractive
index gradient at the ray location.16 After the rays have ex-
ited the plasma, they are propagated through the three optical
systems using a ray transfer matrix technique.
The results are shown in Fig. 3. The schlieren image (Fig.
3a) shows a series of bright horizontal bands, centred on the
maximum value of ∂ne/∂y, which increase in width from left
to right, with caustics forming at the far-right of the image.
These bands are where the gradients deflect rays in the +φ
direction. The schlieren effect results in a binary image, be-
cause laser-based schlieren imaging is only sensitive to a nar-
row range of density gradients - for larger density gradients,
all of the rays either pass the knife edge, or they are blocked.7
Intensity variations in laser-schlieren imaging are often due
to shadowgraphy effects (proportional to the second derivative
4FIG. 3. Synthetic images for a) Schlieren, b) Shadowgraphy and c) Imaging Refractometry, for 107 rays passing through a sinusoidal density
perturbation in y (shown on the left), which increase in strength in x. The ray locations at the detector binned into 3448×2574 pixels occupying
18×13.5 mm, corresponding to the physical detector. The angular range of the imaging refractometer is φ =±34 mrad.
of the electron density) rather than schlieren effects (propor-
tional to the first derivative). This is particularly clear inside
the caustic forming region on the right of the schlieren image,
which is identical to the intensity profile in the shadowgraphy
image. Therefore digital Fourier transforms of schlieren im-
ages may in fact be measuring shadowgraphy effects, which
affects the interpretation of the power spectrum and how it
relates to the spectrum of density fluctuations.
The synthetic shadowgraphy diagnostic (Fig. 3b) shows
horizontal bands in the same locations as the schlieren im-
age, but the dynamic range is not binary. The contrast of the
bands increases as the density gradients increase from left to
right. Towards the right of the image, the sinusoidal perturba-
tions focus the rays, causing bright central bands surrounded
by darker bands. At the far-right of the image, the bright bands
broaden again as the rays cross, and caustics form.
The imaging refractometer (Fig. 3c) shows a bright bound-
ing curve which increases exponentially from φ = 0, reflect-
ing the exponential density ramp from left to right. This bright
curve represents the regions of highest deflection, or steepest
electron density gradient, and bounds a region of lower inten-
sity, corresponding to smaller deflection angles.
It is clear that the imaging refractometer is more sensitive
to angular deflections than shadowgraphy and schlieren tech-
niques. Indeed, the schlieren technique is really only appro-
priate for showing the location of shocks, and does not pro-
vide any information about their properties. The shadowgra-
phy technique does provide more information, but in practice
the double-integration necessary to retrieve the properties of
the density perturbation is very sensitive to numerical noise.
Other statistical techniques may be more appropriate for re-
trieving the density modulations, providing the input laser
beam is well characterised.4,17
Of course, the imaging refractometer gives no information
about the location of the density perturbations in the y direc-
tion, and so is ideally complemented by an inline shadowgra-
phy arm, as discussed earlier.
V. EXPERIMENTAL RESULTS
To demonstrate the capabilities of this diagnostic, we car-
ried out an experiment on the MAGPIE pulsed-power genera-
tor (1.4 MA peak current, 250 ns rise time)18. We drove an ex-
ploding wire array19,20 to produce a super-sonic, magnetised
diverging aluminium plasma outflow. This outflow collided
with a planar target and created a reverse shock, which slowly
propagated back (left) towards the array.
FIG. 4. Experimental data from a pulsed-power driven supersonic
plasma colliding with a planar target. The two spatial scale bars
are located at the same location in both a) shadowgraphy and b) the
imaging refractometer, with their right end at x= 0 mm. The orange
and red boxes show the positions of the lineouts in two locations, c)
pre-shock and d) at the target, with the response function in green.
The y-axis in c) and d) is scaled to show the shape of each lineout,
rather than absolute intensity.
The results are shown in Fig. 4. The flow propagates from
left to right and the target is on the right of the shadowgra-
phy image Fig. 4a. The shock is very clear, an intense nar-
5row band which represents a strong, focusing density gradient.
The intensity variations are small in the upstream and imme-
diate downstream flow, but close to the planar target there are
small scale intensity fluctuations.
We can gain further insight from Fig. 4b, which shows
data from the imaging refractometer. Here we see that the
upstream flow is structured, with horizontal lines indicating
distinct deflection angles. This is due to the well-understood
axial-modulation of the ablation in exploding and imploding
wire arrays.21,22 Immediately post-shock the imaging refrac-
tometer records no intensity due to the strong shadowgraphy
effect which deflects the rays horizontally. Further right, there
is a region with smaller deflection angles than in the upstream
region, suggesting that the axial modulations are damped af-
ter the shock. In this region, the shadowgraphy shows no in-
tensity variations, but they are clearly visible in the imaging
refractometer, indicating the higher sensitivity of this new di-
agnostic to small deflections. Close to the target we observe
an abrupt transition, to a wide spread of deflection angles, cor-
responding to a region with a density fluctuations over a broad
range of spatial scales, which may indicate turbulence.
The spatial variations in the deflection angle spectrum are
apparent in Fig. 4c and d, which shows two lineouts from
Fig. 4b (averaged over 0.5 mm in x), as well as the detector
response functions measured in a shot without plasma. The re-
sponse function is well approximated by a normal distribution
with a width of 0.06 mrad, which is over 500 times smaller
than the maximum angle of 34 mrad (shown in green in Fig.
4c and d). This response function is set by the initial quality
of the probing laser beam, the optics, diffraction effects and
the resolution of the CCD.
The pre-shock spectrum is significantly broader than the re-
sponse function, consistent with the axial modulation of the
incoming flow as discussed above. The spectrum at the tar-
get is much broader still, by a factor of 200 greater than the
response function, which again provides evidence for a broad
range of density fluctuations consistent with turbulence.
VI. CONCLUSIONS
In this paper we have outlined the theory and application of
a new hybrid diagnostic, which combines angular and spatial
resolution with a very high dynamic range. When used with a
short optical pulse, we also achieve high temporal resolution.
We explored the theory of this diagnostic using a ray-transfer
matrix based approach, and we used a ray-tracing technique
to compare this imaging refractometer with the familiar shad-
owgraphy and schlieren imaging diagnostics.
The spectrum of deflection angles is directly linked to the
spectrum of density fluctuations, and the imaging refractome-
ter directly measures this spectrum of angular deflections in
one direction. In contrast, schlieren and shadowgraphy imag-
ing require the spectrum to be inferred from digital Fourier
transforms, which suffer from limited resolution, and are
strongly affected by ray crossing which form caustics. Neither
limitation applies to the imaging refractometer, which offers a
new way to study turbulence in HED plasmas.
We demonstrated the real-world capabilities of the imaging
refractometer in a pulsed-power driven high-energy-density
plasma experiment, using a supersonic outflow from an ex-
ploding wire array to create turbulence behind a reverse shock,
which we simultaneously imaged using shadowgraphy and the
imaging refractometer.
In future, we will use ray-tracing to calculate the propaga-
tion of a laser beam through a turbulent medium with a given
spectral index and intermittency properties. The output rays
will then be transferred through our optical system, so that
we can link the measured spectrum of angular deflections di-
rectly to the spectrum of density fluctuations within a turbu-
lent plasma.
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